Contribution of Mahaviracharya in the development
of theory of Series

Dr. R. S. LAL

In the present paper, an attempt has been made to summarize some of the salient features of the
work of the great ancient Indian Mathematician Mahaviracharya {850 A.D.) on the development of theory
of series as evinced from his renowned mathematical text Ganita Sarasangraha. No doubt his predecessors
Aryabhata I (476 A.D.) and Brahmagupta (599 A.D.) had their contributions to the subject, yet
Mahaviracharya can be named as the first amongst them who put the subject elaborately using Jucid methods

and charming language.

The text GSS consists of nine chapters but it is only chapters I, III and VI which contain the
suiras regarding series. In chapters 11 the A.P. and G P. are given in detail. For example, the following
sutra gives the sum of the A.P. whose first term, common difference and number of terms are known.?
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Algebraically if a==first term, d=common differenc2 and n==number of terms and s=the sum of
the series then

s = —’2’~[<n———1)d+2a ]

The above formula has been given in three ways?®4. In the following sutra ihe method is

given to find out the number of terms of the series if the first term, common difference and the sum of the
series be known.?
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Symbolically, if a=first term, d==common difference, S=sum of the series and n=number of
terms then

v/ (2a—d)2+8d2s—2a-+d
24?2

7=

NoteA:——For references @ See Ganita Sarasangraha by Sh. L. C. Jain
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Apart from the above formula, methods are given *, 2,3, * to find the common difference and the
first term if the remaining term are known. Quite a good number of examples °, ® are also given whose
solution by the above formula can easily be done. Three rules giving stanzas for splitting up (into the
component elements) such as sum of the series (in A. P.) as is combined with the first term (wife fasgs
or with the common difference (393 fa=1a7) or with the number of terms \wssfa=gT) or with all these (wdfasuw)
are given below o

savgaa gq a=gdFT "y g\
fasras gwaearfefa musfa<mg fafg u

“O crest jewel of calculators, understand that misradhana diminished by the Uttardhana and
(then) divided by the number of terms increased by one, gives rise to the first term.”’

Symbolically, if S=sum, a=first term, d=C. D. and n=number of terms then

a= ———— oy where 8 =S+ a.

Now in the second stanza

afegid fud sqAeIEfogargy
&8 gd w9y TeefauEey gy 4% o

“The misradhana diminished by the ddidhana, and then divided by the (quantity obtained by the)
addition of one to the (product of the) number of terms multiplied by the half of the number of terms
lessened by one (gives rise to the common difterence). (In splitting of the number of terms from the
misradhana) the (required) number of terms (is obtained) in accordance with the rule for obtaining the
aumber of terms, piovided that the first term is taken to be increased by one (so as to cause a corresponding

increase in all the terms)™.®

Algebraically if S"=S-+d=Uttardhana and na=adidhana then

d= ‘_S”—n?)

nin—
A
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And in the third stanza

fasrrzadiaseY  gawee) gaafasfafawes:
@ wfic @ 9% sanewfag @dgaN o

“The misradhan is diminished by the first term and the number of terms, both (of these) being
optionally chosen ; (then) that quantity, which is obtained (from this difference) by applying the rule for
(splitting up) the Uttarmisradhana happens to be the common difference (required here). This is the method

of work in (splitting up) the all combined (misradhana)’’!

Symbolically, if S=S-+n
S=a+ (a+d) + (a+2d) +...... to n terms.

then S= (a+1) F (a+1-+d) + (a+1+2d) +...... to n terms
=—g—[2 @+1) + (a—1) d]

which is a quadratic equation and hence n can be found. Now according to the above rule, a and n can be
chosen in any way. This method is the same as the previous one.

Example? :
fefas dagamar acarfcargarfefargag
ATV 999 a5 ¥ TN qfg 0

Forty, exceeded by 2, 3, 5 and 10, represents (in order) the adimisradhana and the other (misra-
dhanas). Tell me what (respectively) in these cases happens to be the first term, the common difference,

the number of terms and all (these three).”

This means
(i) find a when 8'=42, d==3, n=5.
(i1) find d when $*=43, a=2, n=>5,
(iii) find n when S =45, a=2, d=3, and
(iv) find a, d, n when S=50.

From the formulae given above the results can be obtained easily. In the following sutra the rule

is given for finding, in relation to two (series), the number of terms wherein are optionally chosen their
mutually interchanged first terms and common difference as also their sums which may be equal or (one
of which may be) twice, thrice, half or one-third or any such (multiple or fraction of the other) :3

AFTCHZA T5B; Taez=Al fgufowaraTeda: o
gEurER rranfafghseagaraafaar gqa:
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¢“The number of terms (in one series), multiplied by itself as lessened by one and then multiplied
by the chosen ratio between the sums of the two series, and then diminished by twice the number of terms
in the other series gives (rise to the interchangeable) first term of one (of the series). The square of the
(number of terms in the) other (series) diminished (again) by the product of two (times the) chosen (ratio)
and the number of terms (in the first series) gives (rise to the interchangeable common difference (of that

series).”’

Symbolically if S, S, be the sums, a, a, the first terms and d, d, the common differences of the two

. . S S . S
given series then a,= S—la and d,= —S“ld- Now if §1= r and n, n, be the respective number of terms in the

two series, then according to the above formula
a=n (n—1) X r—2n,4

and
d=(n,)? —n;—2rn

Example!:
GATSSTeRIEEAEAT AT FATALAT |

fafamortfas- ar 3 fg &7 nus fawogg
«“Ipn relation to two men (whose wealth is measured) respectively by the sums of two series in A.P.
having 5 and 8 for the number of terms, the first term and the common difference and both these series be

interchangeable (in relation to each other), the sums (of the series) being equal or the sum (of one of them)
being twice, thrice, or any such (multiple of that of the other), ‘O arithmetician, give out the (value of

these) sums and the interchangeable first term and common difference after calculating (them all) well.”

Solution : If S=S§, then r=1

so in the above case where n=>5 and n,=8 we have

a=n (n—1) X 1—2n,
=50(-1) X1-2%Xx8=20—16=4

and
d=(n,)* — n, —21n
— (82 —8—-2X1X5=64—8—10 = 46
Then
s=-g-(2 X 4 + (5—1) x 46) = 5 (4492) — 480
and

1=

S 8 (2 X 46 + (8—1) x 4)=4 (9 1-28) = 480

which proves that

1. GSS 2 27 87
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Partial Sums : . B _
The sam of any part of a series is known as the partial sum of the series. 1In the following verse,

the method is given for finding the partial sum of a given series 2
gqise eyseafa sqF afad agd aq@q |
maseasgftg syewfag easefaw T 0

“(Take) the chosen off number of terms as combined with the total number of terms (in the series)
and (take) also your own chosen off number of terms (simply) diminish (each of) these (resulting products)
and these (resulting quantities) when multiplied by the remaining number of terms (respectively), give
rise to the sum of the remainder series and to the sum of the chosen off part of the series (in order).”

Symbolically, Vyutkalita=S,

and the sum of the chosen part=S§,

_[p—1
_[ 5 d+a]p.

where p is the number of terms of the chosen part of the series. Another form of the same formula is given
in a different verse.2

In the following sutra is given the rule for finding the sum of a series in arithmetic progression in
which the common difference is either positive or negative :3

syFqEAIfasTaar@feag: g g4 )
TSEFAEl  gaIfasagggaraEgsfaay

“The first term is either decreased or iacreased by the product of the negative or the positive
common difference and the quantity obtained by halving the number of terms in the series as diminished
by one. (Then), this is (further) multiplied by the number of terms of the series and (thus), the sum of
series of terms in arithmetical progression with positive or negative common difference is obtained.”

n—1

symbotically, 8 =(+ —1d + ) n

where a, d, n and S have their usual meanings.

Example?* :
Fgea ey ArfedlawaeAifo o= ws5:
grarfeg Wg9a: Wz  ggusel g4 wIFEA U
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2. GSS 2 33 107
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' The first .te.rm is 14, the negative common difference is 3 and the number of terms is 5 ; the first
term is 2 ; the positive common difference is 6 and the number of terms is 8. What is the sum of the series
in (each of) these cases ?

Solution: (i) a=14, d= —3, n=35.

. §,=5 5—;-—I~X(~—3)+14:l=5(~—6+14)=5 X 8 = 40

(i) a=2d=6n=38
: 8—1
-»Sa==8[-2—->< (5)+2]==8(21+2)=8 X 23 = 134

In the following sutra the rule is given for finding the time of arrival of two persons at a common
terminus when one, who is moving (with successive velocities representable) in arithmetical progression and
another moving with steady unchanging velocity, may meet together again (after starting at the same

instant of time) ;1

g afavifefaglaraazavsd: ge9F: $19: |
fgmo wrieagafaavrgal AEiE: @@ 0

““The unchanging velocity is diminished by the first term (of the velocities in series in A. P.) and
is (then) divided by the half of the common difference. On adding ore (to the resulting quantity), the

required time (of meeting) is arrived at. (Where two persons travel in opposite directions, each with a
definite velocity) twice (the average distance to be covered by either of them) is the (Whole) way (to be

travelled).
This when divided by the sum of their velocities gives rise to the time of (their) meeting.”
Symbolically, if ¥ = the unchanging velocity

a = first term of changing vel.
d = common difference

t = time taken.

i

then ¢ (V—a) + %— 4+ 1.

Example® :
sfegee gaifa fEfwuer saizagrszifa: |

frggufadstaafagad: & JETHR: 1T, 1

“A certain person goes with velocity 3 in the beginning increased (regularly) by 8 as the (succes-
sive) C. D. The steady unchanging velocity (of another person) is 21. What may be the time of their
meeting (again if they start from the same place, at the same time, and move in the same direction)?”

1. GSS 6 173 319
2. GSS 6 174 320
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Solution : V=21, a=3, d=28

then ! =(V—a)-—:—%+l

. 8
—-(21—-3)—.——2—-1—1

— 18 = At
=18+ 441 =7

In the following stanza the rule is given for arriving at the time and distance of meeting together
(when two persons start from the same place, at the same time and travel) with (varying) velocities in
A.P1
IuAITA: AwrHaANgAfFEE M &% )
FUAETATTAY: EAEHIT F GEEH: FTA N

““The difference between the first two terms divided by the difference between the two common
differences when multiplied by two and increased by one, gives rise to the time of coming together on the
way by the two persons travelling, simultaneously (with two series of velocities varying in A. P.)”

Symbolically, if a, a, be the velocities in beginning and d, d, be their respective common differences
then the time of meeting is given by
ay~dy
= AT% o
t di—d, +1
The same formula has been given in another stanza?® too.
Example® :
qETTSAIgIT g9t Aty f@dgan
gife: gsgeAda g7 AISEE AWFA: F |1

““The first man travels with velocity beginning with 5, and increased (successively) by 8 as the
common difference. In the case of the second person, the starting velocity is 45, and the common

difference is minus 8. What is the time of meeting 7”

L 5~as o
“Solutlon.t=8_(_8) X24+1=5+1=6.

In the following sutra the rule is given for arriving at the number of bricks to be found in struc-
‘tures made up of layers (of bricks one over the other).

grant snafeafafawsasao gafoa:
gegsfay esegarfsy fawa: qrgn

1. GSs 6 174 3223
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“The square of the number of layers is diminished by one, divided by taree, and (then) maltiplied
by the number of layers. On adding (to quantity so obtained) the product, obtained by multiplying the
arbitrarily chosen number (representing) the bricks in (the topmost layer) by the sum of the (natural
pumbers beginning with one and going upto the given) number of layers, the required answer is obtained’’.

Symbolically, if n be the number of layers, and a number arbitrarily chosen representing the
bricks in the topmost layer, then

n@n+1)

2
Total number of bricks = n—| Xn+aXx >

3

Example! : }
qsgasHarg saqafeal afwafafras o
GHIFIAA 1 FIITF: TATATTET |y

“There is constructed an equilateral quadrilateral structure consisting of 5 layers. The topmost
layer is made up of one brick. O’ you, who know the calculation tell me how many bricks there are (in all)”.

Solution : n=35, a=1.
2__
So total number of bricks = > 3 1 X 54+ 1X 5(5%
25—-1 5X 6
=3 X5+ >
=40 + 15
= 55 bricks.

Now we shall consider the work of Mahavira on Geometrical progressions. 1n the following sutra
is given the rule for finding gunadhana (79799) and the sum of a G. P. if the first term, common ratio and
the number of terms of the series are known :2

qefaaugfaafoasywa: sargqoas AT |
urEufawss  quagfa @aEEE o
The product of the first term with the common ratio multiplied to itself as many times as the

nuinber of terms gives the gunadhana. It be known that the gunadhana lessened by the first term and
divided by one less than the number of terms gives the gunasankalita.

Symbolically, if n = the number of terms
a = first term
and r = common ratio then
gunadhana = ar® = (n+1)!* term.

ar™ —qa

and gunasankalita (sum of the series) = S = —

1. Gss 6 177 3313
2. GSS 2 28 93
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In the following sutra another rule is given to find out the sum of a series in G. P.1

gugafagaEedt qoIfadt aqifsat ase:
g0 gwasAl s nfya g on

““The pumber of terms in the series is caused to be marked (in a separate column) by zero and by
one (respectively) corresponding to the even (value) which is halved and to the uneven (value from which
one is substracted till by continuing these processes zero is ultimately reached), thenm this (representative
series made up of zero and one is used in order from the last one there in, so that this one multiplied by
the common ratio is again) multiplied by the common ratio (wherever one happens to be the denoting item)
and multiplied so as to obtain the square (wherever zero happeiw v Lo e Slhviing swweny. o

e el
result of) this (operation) is diminished by one and (is then) multiplicd by the first term, and (is then)
divided by the common ratio lessened by one it becomes the sum (of the series).”

Example?® :
zquiga qErear Bpoad afag? garsafy )
g: gqeaisszanat  gex  FrafgawmEes

““Having obtained 2 gold coins (in some city), a man goes on from city to city, earning (everywhere)
three times (of what he earned immediately before). Say how much he will make in the eighth city.”

Solution : Heren =7, r =3, a =2
7 = an odd number, hence one is subtracted from it and also it is denoted by one.
7 — 1 = 6 = an even number, hence it is divided by 2 and 0 denotes it

= 3 = an odd number, it is diminished by one and | denotes it
— 1 = 2 = an even number, it is divided by 2 and 0 denotes it

= 1 = an odd number, it is diminished by ore and 1 denotes it

— N‘I\J w N\O\

— 1 = 0 =, where the operation ends.

Now the whole is put in the side column. Since in the column, 1 is in the last hence it is
multiplied by the common ratio 3, then comes zero so 3 is squared and we get 3%, then comes 1 above
it so it is multiplied by > i.e. we get 33, then comes zero above it so it is squared and we get 3%, then in
the end there is one above it so it is multiplied by 3 and get 3°. So the guradhana
—grm = 2 X 37 =2 X 2187 = 4374 coins, will be the amount obtained by the man in eighth city.

[n-dOwa—t!.

The rules for finding out the last term and the sum of series in G. P. have also been given in
stanza®. There are other sutras in which rules have been given to find out the first term, common ratio and
‘the number of terms of the seriesin G. P. 4,5, ¢, 7,

1. GSS 2 29 94
2. GSS 2 30 96
1. GSS 2 30 95
4. GSS 2 30 97
5. GSS 2 30 98
6. GSS 2 30 101
7. GSS 2 32 103
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In the following sutras the rules have been given to find out the sum of a series in geometrical

progression, wherein the terms are either increased or decreased (in a specified manner by a given known
quantity).!

tufafarearfegzar  faoarfasdmaqor waar o
s e Haeigar sty g wegaaru
Algebraically, if S = sum of the series, ¢ = first term
n = number of terms, r = common ratio and
m = the quantity to be added or subtracted from each term of the series in G. P., and
S’ = the sum of the series in G. P., then

S = sum of the resulting series

(5-—n)m

r—1

+ &

" Proof : Theorem : Let
S=a-+ (@ Lm)+ [(ar T m)r & m] + ... to n terms
and S’ =a-+ ar + ar® + ar® 4 ... to n terms
Now
S =[a + ar + ar®* + ar®* + ... to n terms]
+ mf(r+r2 4+ ... to n—1 terms)]
+mlr +r2 4+ 4 .. ton—2 terms)] + ... +m

ri—1 rnie| rr —1

_ re-1 r—I1
= a r__1+m i tm r___!+...+mr_1
=84 =L =D+ "2 =) + (" 1) + ..+ D)

= 8 4+ = [Pt ) — [ X (n—1)]

, ., m -1
=8 + r——l[" r»—l_("'“l) ]

, m rrn—1
=5+ r—-—l[ r—1 *.1_,1.*_1]

=5+ -z —‘-g-—--——n]
r—1L a

1. GSS 6 172 314

o3 ATATITS At AR St wgraw afwa T



= ( Sa " )
ich b lised as § = ALE ,
which can be generalis s + " s

Now we shall discuss the contribution of Mahavira in the development of the series which can be
put in another category called miscellaneous series. This work no doubt, is quite voluminous and it can be
said without any hesitation that no other Hindu mathematician contributed so much.

In the following stanza a rule is given for finding the sum of the squares of natural numbers.! He
has not given any formula for the sum of natural numbers like others.

g¥segfafgear §@sdRseeaufoar
Ffagafafagarafeasysdy argsfaaa o

Algebraically, if »n = number of terms and

2 n == i(——n;i— == sum of first » natural nos.

Z n? = sum of the squares of » natural nos.

3Laomr oo T4 =L vws 50 13- S

__nX(n+1)xX2n+1)
- )

then

In the following sutra a rule is given for finding the sum of the squares of numbers which are in
A. P. This is most general form of the rule which can be applied broadly.?

ferd s iag faussiagaaagagfa: |
sigugedT gazfaatgar aaarfeasesfarafasr i

Algebraically, if a = first term, d = common diff.

n = number of terms

and s = sum of the squares of the terms which are in A. P. then

a-+ (n—1)d M+ad (n—1 4+ a2
- 21 I == } ]

which can easily be substantiated by taking LHS.
ie Xa + (n—1) d]* = Z[(a—d)* + 2 nd (a—d) + n* d2)
=n(a—dR + 2d(a—d) n + d2 Zn?

we know that z n = ’«1—(”;_1) and 2n2 = (n‘ll'é) 2n+1

Hence by substituting these values we get the result

1. Gs§ 6 167 296
2. GSS 6 167 208
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5 = n[{(zn__ng_d_z_ +ad} (n—1) +a2]

which is in its most general form. Another method of the same formula is given inl of the text.

Now comes the rule for finding the sum of the cubes of first » natural numbers which has been
given to be equal to square of the sum of first » natural numbers.2

TsgIgAT TR E TfHETseATaSIfoa: |
gaas Ffag sia afrsfeaT afoageas: o

“The square of half of the number of terms is multiplied by the square of (the number of term
increased by one) which gives rise to the sum of cubes of first n» natural numbers as stated by

mathematicians.”

Algebraically, 2"3 ={ n(LZ—{—D }z

In the following stanza he has given a rule for finding out the sum of the cubes of the terms
which are in A. P. This formula is in its most general form.?

facarfegfog @aazoeqr  gyaafasafafaad
A1t waargq fagar gzarfas g gafafasr o
Algebraically, if S = sum of terms in A, P,
a == first term, d = common difference
n = number of terms

S» = sum of the given series then

Sn = Z[a + (n—1) @ = S*d + Sa (a—d)

where S = %[ 2a + (n—1) d]

or specifically (i) when a>d, S, = + Sa (a—d) + S%d
(ii) when a<d, Sn = — Sa (a—d) + Sd

In the following stanza a rule has been given for finding out the sum of such a series whose each
term is the sum of an A. P. of natural nos. having the number of terms ¢qual to the term itself.*

ferdsmaraestagfas mrgar samdqar
arfegargfagsar sawagsarfaqfnda
dgwywad ga1 wegaqivga  fafafafasr o

1. GSS 6 168 299
2. GSS 6 168 301

3. Gs3 6 169 303

4. GSS 6 169 305-305%
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Symbolically we can write, if Se = _a_(a_z-l-_l_)__ , Saps = ﬂi@l_‘“}"'d'ffl).,‘

efo.,

S = S4+Sa+d+Sa+2d+..-+Sa+\n—1)d

=[{—(2—"116)~idi+i21— —I—ad} X (n—1) +a(a+1)] X2

In the following stanza' a rule has been given for finding of the sum of the series which can be
written symbolically in the form

1+ +2)+F(1+2+3)+...+(1+2+3-+...+n), n?, n® and Zn.

n (n4+1)
2

ie. S = Zn +32 + n? + #n®.

gxagrgaargfavaafagar  adifaar sarear
dwaaeT fafafafafafagfraaagfmiata u
Algebraically,

nnd1) X7 _

S = 23 X (n+1)

‘which can be proved easily by substituting values

gn= "D O St = 1 En 4 5 o

n(n+1) 2n+1)

n(nt+1)
i2 4 :

+

Lastly, in the following stanza a rule has been given for finding out a single formula for the sum
.of the four above mentioned series.”
Tsefersaafzar rseagatrafsa: 4%
gegqaatafafasAy wafw g gamasiaas o

s

‘Symbolically, the above formula takes the form

T +En3 4+ ZSw + Zn =[ (n+3) X —Z— + l] (n2-+n)

1. GSS 6 170 3073
2. GSS 6 171 309%
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thrc SQ=S1+S2+Ss+S‘+-.-+Sn

-
and Sa = ‘-——2"““—"— = X n

ie. ES.— ZEn — [{ (2n6—~1) +4 4 }(n—-l)+1 (1+1)] =

Since a = 4 = 1 in the formula -121— [{-(—2'1-:;-)4{2—‘ + in_ -+ ad} (n—1)-tala+1) :'!

Example! :
FAFA: NIACTATCTAEATAT IJETAT T |
49 rafaadiai & eara daraasfagy o

“What would be the (required) collective sum in relation to the (various) series represented by
(each of) 49, 66, 13, 14 and 25 ?”

Solution :
The above given values are the number of terms in the five series. Hence for the first series in
which n = 49.

Required sum = (Q}‘_“%)_'}__ + 1 ) (n% + n)

((49+:) s 1) (9 + 99)

— (53..?;;‘3 1) X 49049 + 1)

= [13 X494+ 1] X 49 X 50
= [637 4+ 1] x 2450
= 638 X 2430

= 1563100.

1. Gss 6 m - 3108
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